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Abstract

Uncertainty evaluation is an important task in almost all activities in the field of calibration and standard conformity
assessment. Evaluation of uncertainty is a process in which the statistical characteristics (mainly the first and second
moments; i.e. the average and the standard deviation) of the result of a measurement are estimated based on those
of contributing factors. The result of this process is used to determine how appropriate a measurement is for a spe-
cific application. The measurement uncertainty influences the result of binary decisions made on conformity assess-
ment, calibration and many other applications in the fields of jurisdiction, commerce, law enforcement or healthcare.
Another important application of uncertainty evaluation, is to evaluate and validate mathematical or computer mod-
els simulating real world phenomena. For example, an uncertainty evaluation process can be utilized to quantify the
error characteristics of a simulation software. Many techniques have been introduced and practiced for uncertainty
evaluation. The applicability of each method relies upon the measurement model, possibility of performing repeated
simulations and availability of statistical data. In this paper, we examine a celebrated uncertainty propagation meth-
od, namely; the Polynomial Chaos Expansion in the uncertainty evaluation of measurements described by a rigorous
mathematical model. These measurement processes have been conventionally studied using sensitivity coefficients
which can be calculated via partial derivatives. The two approaches are compared in an illustrative example.

Keywords Uncertainty evaluation, Measurement Uncertainty, Polynomial Chaos Expansion.
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1. Introduction

Uncertainty evaluation or quantification is the process of
attributing a quantitative description to the uncertainty of
a numerical result. Uncertainty may be associated with
measurement, numerical calculation, estimation, simula-
tion and any form of numerical declaration [1]. Uncer-
tainties of measurement stem from laboratory personnel
errors [2], measurement inaccuracies attributed to devices
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or methods in their ideal performance [3], calibration er-
rors [2], innate uncertainties originated from the defini-
tion of measurands [4] as well as many other sources. The
value of measurement uncertainty can’t be known for sure
due to its nature. However, the uncertainty can be mod-
elled to some extent by statistical random variables. In
this way, a measurement uncertainty may be described as
a random variable with a known probability distribution
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function or at least known statistical moments (e.g. mean,
variance, etc.) [5, 6 and 7]. For instance, a measurement
uncertainty may be described as being a random variable
with uniform distribution function between [a,b]. This
means one can expect the value of the uncertainty will
lie in the interval [a,b] in which the probability of hav-
ing any of values in the interval are the same. This also
implies that there is zero (or practically negligible) pos-
sibility that the aforementioned measurement uncertainty
takes a value outside the interval [a,b]. The measurement
uncertainty is formed by many contributing factors which
are usually listed in an uncertainty budget [1]. The con-
tributing factors, are uncertainties in the measurement
process which affect the eventual uncertainty attributed
to the measurement result. For instance, if the room tem-
perature affects the measurement result for the length of a
metallic rod, then the room temperature is a contributing
factor in the measurement uncertainty of the rod length.
To identify the contributing factors requires laboratory/
field experimental knowledge as well as metrological ex-
pertise on the measurement principle [1, 6 and 7]. Several
examples are given in [1, 6 and 7] regarding the identifi-
cation of contributing factors and quantification of their
effect on the measurement uncertainty. In many practical
situations, the probability distribution function of a mea-
surement uncertainty is not known. However, the prob-
ability density functions of contributing factors can be
determined reliably.

This paper describes the application of a celebrated meth-
od known as Polynomial Chaos Expansion (PCE) to the
well-established discipline of uncertainty evaluation. The
PCE method was originally proposed by Norbert Weiner
in 1938 and has been used in many application areas [5,
8 and 9]. PCE has several applications. For example, it
may be used to numerically solve complex differential
equations described by random parameters. However, the
most established usage of PCE is the uncertainty evalua-
tion in partial and ordinary differential equations [9-24].
This paper approaches the problem as a laboratory mea-
surement experiment. It first revisits the well-established
Gum method for sensitivity analysis which has been used
for uncertainty evaluation in static systems for decades.
Then, the PCE will be introduced for both static and dy-
namic systems. This paper focuses on time invariant dy-
namic systems described by linear and nonlinear time in-
variant ordinary differential equations. Partial differential
equations lie beyond the scope of the present paper. The
novelties of the paper are as follows:

- A formal state space representation is given for linear
time invariant dynamic systems with statistical parameter
uncertainties via PCE.

- The PCE is utilized to quantify uncertainty of measure-
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ment in a manner similar to that of conventional well-es-
tablished method of GUM. The two approaches are com-
pared in an illustrative example.

The paper is organized in the following sections: In the
first section the Gum method of [4] is introduced. In the
second section, the PCE method is introduced. The ap-
plication of PCE to systems described by nonlinear and
linear time invariant ordinary differential equations is
discussed in the next sections. An example is included to
illustrate the provided subjects. The two last sections are
dedicated to results and discussion as well as conclusion.

2, Preliminaries

In this section, background material and preliminaries of
the paper are provided. It includes the introduction of the
GUM and PCE methods.

2.1.The GUM method

In the ISO Guide 98-1 [4] known as the Guide on Un-
certainty in Measurement (GUM), a formal method is
prescribed for uncertainty evaluation. To illustrate this
method, consider the following measurement model:
y =f(x1'x2""xN) (1)
In which y is the measurand and x ,x,,...x are the N
quantities contributing or affecting the measurement
result and the term f (.) represents a known multi-in-
put function. In the relevant context, it is assumed that
the function £ (.) admits a Taylor series expansion. For
example, in the measurement of a person’s weight (y),
resolution and accuracy of the weighing apparatus at
nominal environmental temperature may be considered
as contributing factors (x,x,). Another factor (x,) is the
environment temperature deviation from nominal value
(e.g. 23 degrees Celsius) which affect the accuracy of the
weighing process. The list may seem endless, however
those factors having the most contributions on the mea-
surement uncertainty are usually finite and are known to
the experts of the field as illustrated in several examples
in [1], [6] and [7].

Equation (1) gives an explicit expression stating how
contributing factors make the measurand value. Each
contributing factor as well as the measurand are assumed
as random variables. Since the function £(.) is assumed to
be known exactly, taking expectations from the both sides
of (1), one obtains:

Hy = E{f (xy, %2, . xn)} (2)

In which E{.} represents the expected values of x,x,,...
x, and y respectively. In uncertainty evaluation, the devi-
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ation of the measurand from its average is of most con-
cern. This deviation cab be calculated using (1) and (2)
as follows:

Y=ty = fQ, %0, Xn) — fy (3)
The deviation of the measurand from its expected value
is usually small enough to allow approximation of (3) via
the first order terms of the Taylor series expansion of the
function f(.) as follows:

af
y_.uy ~ ax |Hx1 Hxy
i=1

(i = thx) (4)

In which 0f/0x, is the partial derivative of the function
1{.) that should be evaluated by substituting the expected
values of x,,x,,...x, after derivation. Squaring the both
sides of (4) results:

2. 2,

OO (g = ) (3~ i,
i X j X
i=1 j=i+1 axi axj ’ (5)
Taking expectations from the both sides of (5) and using
the definition of standard deviation, variance and correla-

tion coefficient leads to the following:

N 6f 2
% *Z(a—xi) o5t

ZZ Z or o1 ALY ©6)

i=1 j=i+1
In which ox,...0x and oy represent standard deviations
of contributing factors and the measurand, r(x,x) is the
correlation coefficient between x, and X;. If all contribut-
ing factors can be assumed mutually uncorrelated, (6) is
reduced to (7) as follows:

N

“Z(g) o2 (7

i=1

Equations (6) and (7) are known as uncertainty propaga-
tion equations and are widely used in uncertainty evalua-
tion of measurements [1, 4, 6 and 7]. Note that in [4] and
similar references, the variance of measurand is shown
by uy2 instead of Gyz. However, as a matter of notation-
al simplicity, we will use the latter throughout this pa-
per. It is also important to note that what we know as the
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uncertainty is in fact the so-called expanded uncertainty
[4] which is the standard deviation of the measurand o,
(equivalently uy) multiplied by a coverage factor k [1, 4].
The coverage factor for Gaussian distribution with 95%
confidence interval is k=2 which results in an expanded
uncertainty of double magnitude compared to the stan-
dard uncertainty [1].

Equation (1) is restricted to static systems in which the
influencing factors x,,x,,...x, as well as the measurand
y have static, constant values. It is possible to deploy (1)
to describe the steady state behavior of an originally dy-
namic equation as well. However, this is acceptable only
if the transient response of the influencing factors and
measurand (e.g. over shoot, settling time, etc.) is not of
concern. See [1] and references therein for more informa-
tion regarding the transient and steady state responses. To
address dynamic systems, it is necessary to formulate the
measurand as the output of a differential equation. This
is not addressed in [3] and can’t be dealt with via partial
derivatives as in (4)-(5). This motivates the use of more
advanced techniques including the so-called Polynomial
Chaos Expansion (PCE). The next section introduces this
method.

2.2, Polynomial Chaos Expansion

In this section, a simple version of PCE is briefly dis-
cussed. It is first applied to the static system (1) to
demonstrate its core idea. Then PCE is introduced for
dynamic systems described by ordinary differential equa-
tions. PCE formulates each contributing factor in (1) as

a polynomial consisting of orthogonal terms as follows:
N;

Xi = Zfijfpij(gi) ®)

j=0

In which )21.1, is a coefficient to be determined in the pro-
cess of PCE method. Functions ¢, (.) are mutually or-
thogonal polynomial terms and & 1s a random variable
of known probability density functlon Expect for ¢,(.)
which is always unity, all of ?; (&) are zero mean func-
tions of the zero mean random variables ¢ . The integer
N., is the number of terms required for estimating x; via
the summation. In the generalized PCE, it is assumed
that all random variables are independent and identical-
ly distributed with specific distribution functions. In the
PCE procedure, we start with (8) and use the measure-
ment mathematical description to attain the coefficients
of'a PCE description for the measurand. Orthogonality of
polynomials simplifies the derivation of the coefficients
using the so-called Galerkin projection [9].

Table 1 [15] gives orthogonal polynomials for frequently
used random variables. If these polynomials are chosen
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properly in relation to the random variable’s probability
distribution functions, the number of required terms in
(8) will be reduced significantly [9]. This is illustrated
in the example provided in the present paper. However,
in the most generic setting, an infinite number of terms
may be required. In these situations, a truncated series
is used instead of the infinite series. The truncation error
upper bound should be then considered in the uncertainty
evaluation analysis. The first two terms of some of these
polynomials are given in Table 2. Higher order terms are
derived using recurrence formulas given for instance in
[15] and elsewhere.

Table 1. Orthogonal polynomials in PCE [15]

Random variable Orthogonal

» polynomial

§ Gaussian (Normal) | Hermite

£ | Gamma Laguerre

c

S Betta Jacobi
Uniform Legendre
Poisson Charlier

% Binomial Krawtchouk

z_) . . . .

2 | Negative Binomial Meixner
Hypergeometric Hahn

Table 2. Orthogonal polynomials first and second basis

functions
Polynomial | @;o(€) @i () Parameters
Hermite 1 £
Laguerre 1 1—¢ a
Jacobi 1 a+1+0.5(a+ B +2)(e—1) a, B
Legendre 1 £
Charlier 1 (e—a)/a a
Krawtchouk 1 —2e+n n
Meixner 1 a+e(1-1/B) a, B
Hahn 1 ela+B+2)-m—-DB+1 a,f,n

In addition, each two terms of these functions are mutual-
ly un-correlated. For example, if the random variable has
a Uniform distribution function, then (PU(-) can be chosen
from a Legendre polynomial basis. According to (8), x; is
arandom variable the statistical moments of which can be

stated as follows:
N
=)z ©)
j=0

ux) = Xy
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Substituting y and x; in (1) by their corresponding poly-
nomial expansions one obtains:

N
y= 237]- vi(ey) =

N; Nj
f Zflj(plj(gl):---ZfNj(pNj(eN)
j=0 j=0 (10)
Therefore:
Hj
—#y=237fyj(£j)=
=1
Ny Ny
f Zflj(plj(gl):---szj(pNj(SN) -
j=0 j=0
N1 Ny
ESf Zf1j¢1j(€1),---ZfNj(PNj(EN)
J=0 J=0 (11)

Following computational steps demonstrated in (4)-(7),
one obtains:

V— Uy =
N of Nj
: a_xizfijfpij(fi)—
i=1 j=0
N af Nj
E Zaxzzx”(p”(sl) (12)
i=1 Jj=0
Therefore:
2
-—w) =
N of 5 [ Ni 2
Z(a_xl) Zfijfpij(ei) +
i=1 j=0
N-1 N of of N; Nj
ZZ z I Ix. Zfz’k%k(fi) kaﬁﬂjk(fj)
i=1 j=i+1 7 \k=0 k=0 (13)

Taking expectations from the both sides and using the
definition of standard deviation, variance and correlation
coefficient leads to the following:

N of 2
aﬁzZ(a—x[) of +
N-

=

N

z af af T'(xux])o-xto-x] (14)
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This conforms to (6). In other words, if one uses the first
order terms in the Taylor series expansion of f{.), the re-
sult will be the same for the GUM and PCE methods.

2.3. PCE for Measurements described by ordinary
differential equations

There are physical and social phenomena which can’t be
described using (1). For instance, if a measurand is the
dynamic response of an ordinary differential equation, it
may not be possible to obtain an explicit equation like
(1) to describe it. In these situations, using the ordinary
differential equation might be a better choice. Consider
the following dynamic equation describing a measurand:
x=Gxv), y=h(x) (15)
In which x=/x,,...x, JER is a vector consisting of all fac-
tors x,. Vector v€R" is the exogenous input. Functions
G(.)ERMN and h(.)ER"™N are the state and output func-
tions of the ordinary differential equation (15). Equation
(15) is different from (1) in two aspects: Firstly, (15)
yields a dynamic time varying response for the measurand
while (1) yields a stationary value. Secondly, (15) is not
an explicit expression of the measurand. In fact, to obtain
and explicit statement for the measurand, one has to solve
equation (15) analytically. If the functions G(.), h(.) are
linear or have specific properties, it is straightforward to
derive the solution to (15). However, for other functions
it is not easy to obtain the equation output explicitly. In
these cases, (15) should be solved numerically. Note that:

bz = E{G(x,v)} (16)
wy, = E{h(x)} (17)
y =ty = h(x) — E{h(x) (18)

To give a general formulation of the PCE problem for the
nonlinear system is not straight forward since the deri-
vations depend on the expected values of the nonlinear
functions. We therefore address the case of linear time
invariant systems in the following section. The inaccu-
racies arising from linearized model will be assumed as
uncertainties.

3.The Proposed method

Equations (15)-(18) are the starting point for the uncer-
tainty propagation analysis in nonlinear dynamical sys-
tems. To provide a global result for all types of nonlinear
functions is complicated. However, in many situations,
a credible linear approximation exists for the measure-
ment system (15). In fact, many measurement systems
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are modified or amended by additional signal condition-
ing circuitry to make the overall system behavior linear
and time invariant [1]. Therefore, it is of common interest
in many engineering applications to consider linear time
invariant systems. If the original system exhibits highly
nonlinear behavior in some situations, one may consider
the nonlinearity as a contributing factor to the measure-
ment uncertainty [6, 7]. Therefore, the nonlinearity may
be modelled on its own right as a random variable with
prescribed bounds representing the maximum expected
deviation of the nonlinear original system response from
that of the linear model. Many systems can be adequately
modelled via linear time invariant models. Those systems
for which the linear time invariant model is not adequate,
the system state variations in the vicinity of an equilib-
rium point may be modelled via a linear time invariant
system as long as the response remains close to the equi-
librium [25]. Therefore, we proceed by assuming a linear
time invariant system as a special case of (15) as follows:

x =Ax+ Bv, y=~Cx (19)
Equations (19) can be expressed in terms of (15) using
the first term of the Taylor series expansion of the nonlin-
ear vector functions and defining the differences between
the states and their equilibrium values. The

aG aG
a|x=x* ’ B =

dh
C=—lx

% |x=x* , Ox (20)

To accommodate for the uncertainties arising from linear-
ization as well as other parametric inaccuracies we define
the system matrices in (19) via PCE as follows:

N
A= Z Aj¢Pj(€P) = A, 0}
j=0

Dp = [@polnxn ©pnInxn]
~ = BO
A, =[4, Ayl By = A
By
N
B = Biop(er) = @B, 1)
=0
Np
C= Z Cippj(ep) = Co@p
=0
¢, =[C, Cyl (22)
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In which Aj,éj and CA‘j are matrix coefficients for the PCE
to be determined, (ppj(. ) is the j™ basis function of the
family of orthogonal polynomials corresponding to the
probability density functions of random variable ¢,. For
parametric uncertainties uniform and normal distribu-
tion functions are common choices whose corresponding
polynomials are given in Table 1.

Note that all entries of the matrix @, are polynomial basis
terms of random variables. Therefore, this matrix does not
vary with time. As in many practical situations, the exog-
enous input is not exactly known as well. For instance, if
the input is measured, it is certainly subject to measure-
ment inaccuracies and noises. Also, the input may model
some partially known environmental contributing factors
which is uncertain to some extent. Therefore, we model
the input in a manner similar to that of the state variable
vector. Define:

N
Xi = injfﬂpj(fp) - x = Pp,
Jj=0
R0
XN1
XN1

(23)

,xNN,

In which )21.1. is a coefficient to be determined in the pro-
cess of PCE method. Taking time derivative of (21) and
using (19), (22) one obtains:

% = A, Phx + ®pB,v

(24)
Substituting (23) into (24) one has:
Opxy = A PLDpR, + PpBv (25)
Note that:
(pIZ:'OINxN PpoPpnInxn
PLPp = : : (26)
PpoPpnInxn (pFZ’N[NXN

Multiplying both sides of (25) into a polynomial basis
term (ppj*( ¢,) with a specific j* taking expectations and us-
ing the mutual orthogonality assumption, (25) becomes:

= AgE{ppj» ®LDp}%, + Bjv (27)
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L 21
E{pp@t0p} =¥, ¥=|: (28)
Py
Therefore:
%, = A, WX, + Byv (29)

Note that (29) is a linear time invariant state space differ-
ential equation with higher dimensions compared to (19).

4. lllustrative Example
Consider the discharge voltage of a capacitor described
by the following equation:
v(t) = exp(—pt) (30)
In which p>0 is the circuit pole (inverse of the time con-
stant), £>0 is the time and exp(.) represents the exponen-
tial function. Assume the system pole is a random vari-
able with uniform distribution, i.e.:
p~U(09,1.1) (31)
The expected value for the voltage (30) as a random vari-
able can be given as:

1 (8) = E(w(D)} = f (O, (p)dp (32)

In which the probability distribution function of p is rep-
resented by fl; (p). Substituting the distribution function
with that of a uniform random variable and taking the
integral (32), one obtains:

5
U, () = n (exp(—0.9t) — exp(—1.1¢t))

(33)
The variance can be obtained in a similar fashion as:
oy (t) = E(? ()} —uf =
25
T(exp(—O.‘)t) —exp(—1.1t)) x
1 1 1 1
((E — ?) exp(—0.9t) + (E + ?) exp(—l.lt)) (34)

Applying the PCE method with two terms of Legendre
polynomials (corresponding to Uniform random vari-
ables) one has:

£
=pyt+pe=14+—,
P =Do TP 10v3

V= vo + v1£ (35)
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Note that p,and p, are the mean and standard deviation of
p respectively. The uniform random variable is described
in (31). Hence the values given in (35). The voltage
waveform (30) is the response of the following differential
equation:

v(t) = —pv(), v(0)=1" (36)
Substituting (35) into (36), taking expectations and notic-
ing that € is zero-mean, (36) results the following:

{ Do(t) = —povo(t) ;v,(0) =1
D1(t) = —pov1 () — p1vo(t); v1(0) =0

The first equation has the following explicit solution:

(37

vo(t) = exp (—pot) (38)
Using (38) in (37) results:
v1(t) = —pov1 () — prexp (—pot); v1(0) =0 (39)

Equation (39) is a linear time invariant ordinary differ-
ential equation with exogenous input with the following
solution:

v;1(t) = —p1t.exp (—pot) (40)
Using (39) and (40) in (35), one derives the PCE descrip-
tion for the voltage (3). The expected value and the vari-
ance are:

Hy,pce = Vo(t)

(41)

Oppce = vi(t) (42)
In which y, ., and O-ZV,PCE are the approximate mean and
variance of the voltage computed via the PCE with two
terms. The error between the approximated mean and
variance and their corresponding actual values can be
computed by subtracting (41) from (33) and (42) from
(34). The following figures show actual values for the
mean and variance and the approximated values derived
from PCE.

Using the GUM [4] method, one obtains:

dv(t)

o lp, = —t exp(—pot) (43)
Therefore using (14):

Uycum = —t exp(—pot) Uy, (44)
oicum = t? exp(—2pot)o} (45)
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In which o’ is the approximate variance derived via
GUM method and 0'2p is the variance of the random vari-
able p for which one has:

Hp = Po = 1' (46)

Actual -
----- GUM

-5

-10

-15

-20

Mean Voltages

-25

-30

-35§ -

-40 1 1 1 1 1 1 1 1 1
0 0.5 1 1.5 2 2.5 3 35 4 4.5 5

Time (sec)

Fig 1. The actual and approximated mean voltages

Figure 1 shows the mean values of voltages. The black
curve shows the waveform of the actual mean voltage
given by (33). The blue dash curve is the approximate
GUM mean given by (44). The red dash-dot curve is the
mean approximated via PCE method which is given by
(40) and (38). Both methods give inaccurate accounts of
the mean value in the transient mode. The both approxi-
mations become more accurate when the response reach-
es its steady state.

x 10
6 T T T T T T T T T

Actual
""" GUM & PCE [

Voltage Variance

1 1 1 1 1 1 1 1
0 0.5 1 1.5 2 2.5 3 3.5 4 4.5 5

Time (sec)

Fig 2. The actual and approximated variance of voltage
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Figure 2, shows the actual and approximate variances.
The Gum and PCE yields exactly the same expressions
for variances (See (45) and (40), (42)). The actual vari-
ance is given in (34) and differs from the approximations.
However, the error is very small as can be observed from
Figure 2.

3 x 10

Approximated Variances

0 0.5 1 1.5 2 2.5 3 3.5 4 4.5 5

Time (sec)

Fig 3. Error between the actual and approximated variances

Figure 3 shows the error between actual variance and the
approximated one which is of order less than 1% com-
pared to the actual value. In practical situations like those
encountered in uncertainty evaluation of laboratory mea-
surements [1], we are mostly interested in variance ap-
proximations. The transient response of statistical mea-
sures is usually of less importance while the steady state
should be approximated with high accuracy.

This example has the advantage of having the explicit
expressions for mean and variances (See (33) and (34)).
In most cases, this expression can’t be obtained ana-
lytically. Also, in this example, the explicit solution to
the PCE coefficients could be derived using basic tools
from the theory of ordinary differential equations. For
more advanced problems including linear time invariant
equations with higher dimensions, linear time varying
equations and nonlinear equations, both the differential
equation and the PCE formulation should be solved nu-
merically. In these situations, the main advantage of PCE
in relation to GUM emerges. When the explicit solution
to the differential equation is not known analytically, it is
not possible to apply the GUM method since this method
requires an algebraic formula to compute partial deriva-
tives. However, PCE can still be used without any addi-
tional requirement. In fact, PCE can be efficiently used
to numerically quantify the uncertainties in nonlinear dif-
ferential systems of higher dimensions as well as linear
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ones. For more simplistic problems, the accuracy of PCE
can be improved by utilizing polynomials of more than
two terms in (35).

5. Results and Discussion

The linear time invariant dynamics of a dynamic mea-
surement system is transformed into another linear time
invariant dynamics after applying the polynomial chaos
expansion. The resulting dynamics has increased dimen-
sions. Solving the results dynamics, will yield approx-
imations of the measurand mean, variance and other
statistical moments. The main advantages of PCE for
uncertainty evaluation are as follows:

Firstly, several contributing factors can be analyzed si-
multaneously. This is a huge advantage compared to
conventional sensitivity analysis in which the effect of
a contributing factor can only be evaluated with other
factors assumed deterministic.

Secondly the resulting system of equations for PCE is
linear time invariant if the original system is linear time
invariant.

The main drawback of PCE is its numerical inefficien-
cy for very large dimensions and high orders of poly-
nomials. However, there are several practical situations
in which the dimensions of the problem can be reduced
significantly. These cases are as follows:

1- In some cases, many contributing uncertainties ex-
ist with minor effects on the result. Therefore, PCE can
be run for each feasible set of uncertainties. Then those
contributing factors with minor effect on the result can
be eliminated. The resultant problem will have reduced
dimensions.

2- In many practical cases, the number of terms for the
PCE summation can be reduced to finite values as small
as 2 (See the example).

Conclusion

In this paper the polynomial chaos expansion method is
revisited and its utilization to evaluate the measurement
uncertainty in dynamical systems is elaborated. The
method is compared to the well-established uncertainty
evaluation method of GUM in an example. A formal state
space description is given for PCE applied to linear time
invariant systems as well.
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